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Abstract

We propose a new performance metric based on computational action. We examine work as it evolves
in time and compute computational action as the integral of the work function over time. We compare the
action generated at less than full power with the action that could have been generated at full power. We
claim that the goal of performance optimization is to minimize lost, or wasted, action. We calculate our
metric for some computersin the Top500 list and propose anew ranking based on least action wasted. When
work is afunction of the resources applied, we use the classical techniques of the calculus of variations to
minimize wasted action. From the result of this exercise, we calculate productivity as the ratio of work
produced to resources used.

1 Introduction

We consider the problem of measuring performance and productivity for projects that include both a software
development phase and a code execution phase. Can we define new ways to look at resource management
during such a project? What can we measure and what metric should we use to report the result of our
measurements? We define a new metric based on the product of work and time, a quantity in physics, like
Planck’s constant, which has properties of action. We propose a principle of computational least action.

To measure anything we need a system of measurement and a system of units. We define such a system
in Section 2.

In Section 3 we consider the problem of optimizing time. We discuss a simple hypothetical project in
terms of time charged to the project subject to constraints imposed on the project.

In Section 4 we change focus from optimizing time to optimizing work. A project must do some work,
must deliver some product, and must do so by using the resources available. So we look at the constraints
imposed on the work to meet the project’s goals.
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In Section 5 we change focus again to look at the combination of work and time together. We define a
metric that measures lost or wasted action and propose a principle of least computational action. We compute
the metric for some computers on the Top500 list.

In Section 6 we apply the classical methods of the calculus of variations to a simple problem to show how
to minimize wasted action.

In Section 7 we apply the results of our exercise in the calculus of variations to define and calculate a
productivity metric. This metric is the ratio of the work produced to the resources used.

In Section 8 we summarize and recapitulate our results.

2 Unitsand Systems of M easurement

To define metrics, we need a system of measurement; to define a system of measurement, we need to know
what we are trying to measure; to measure, we need a system of units. The international physics community,
after centuries of confusion, has agreed on the System International system of units [1]. The computational
science community, on the other hand, has not defined a system of units.

Table 1: Fundamental Computational Quantities

Name ‘ Unit ‘ Value ‘
binary operation op 1op
bit b 1b
machine frequency Hz 1571
floating-point operation | flop 64 op
byte byte 8hb
kilobyte kbyte | 103 byte
megabyte Mbyte | 10° byte
megaflop Mflop | 106 flop
megahertz MHz | 10% Hz

An important unit is the unit of time. We suggest that the unit of time be defined as one period 7 = v !
where v is a fundamental frequency defining the system. For example, if a computer’s operating frequency
is 1 MHz, the unit of time is 1 us. Time measured in seconds becomes the dimensionless clock-tick, & = vt,
when multiplied by the frequency. If different parts of the same machine run at different frequencies or if we
need to compare different machines running at different frequencies, then we need to pick one frequency to
define our unit of time and convert all others to the same unit. For example, if k; = v1t, we must convert it
to k1 = (v /v)vt = (11 /v)k.

Another important unit is the unit of length. An obvious choice for the unit of length is the binary bit.
This choice is implied by words we use to describe sizes like bits, bytes, words, double words, and so forth.
We suggest that the fundamental unit of length be a single bit with symbol b. Other units of length are derived
from this unit by multiplying by constant factors, for example, 1 byte =8 b, 1 word = 64 b.

To define a consistent set of units, we need a third fundamental quantity. Since we have no intuitive idea



for something like mass, which is used to define the system of measurement in mechanics, we pick our third
fundamental quantity to be work. We suggest that the fundamental unit of work be the binary operation,
in other words, the production of one bit of information either a one or a zero. The fundamental unit is
represented by the symbol op. Different kinds of work may have different names, for example, floating-point
work, integer work or logical work. The kind of work that is important is different for different applications.
If the same number of bits are produced the amount of work is the same independent of the kind of work.
It may take more or less time to produce the same number of bits, so the power, the rate of doing work, is
different, but the amount of work is the same.

Table 1 summarizes our fundamental system of units for computational performance measurement [8].
It also lists some convenient multiples of the fundamental units, which we commonly use. We use the
SI definitions [1] for prefixes such as M=10° for the prefix mega. In Section 5, we use Z=102' for the
prefix zetta. Using these prefixes to mean powers-of-two [9] creates unnecessary conflict with the rest of the
scientific community. The symbol k=103 is the correct prefix for kilo; the symbol K is reserved for the unit of
temperature to honor Lord Kelvin. Symbols for units are capitalized only when they are based on a person’s
name. The unit for one byte, therefore, is not capitalized.

Table 2; Fundamental and Derived Computational Quantities

Name ‘ Symbol ‘ Value ‘ Unit ‘

work w w op
length I} 8 b
frequency v v Hz
clock period T 1 s
clock tick k vt -
time t k/v s
power T wv | opls
action S w/v | ops

With this system of fundamental units, what derived quantities can we measure in that system [2, 3].
Table 2 lists some possibilities. In this paper we pay particular attention to the derived quantity called action.
It has units of work multiplied by time, for example, flop-s. This quantity is different from power, which has
units of work divided by time, for example, flop/s. The two quantities are quite different and should not be
confused. Although power is a commonly reported performance metric, action is a new metric.

3 Time

Increasing productivity by minimizing the “total-time-to solution” is a somewhat ill-defined statement of the
problem. We adopt an alternative statement: At each moment in time, use the resources available in an
optimal way to accomplish a mission within imposed constraints. Such a statement suggests application of
the methods of the calculus of variations, which we develop in Section 6.

Before we can develop a mathematical formulation of the somewhat fuzzy idea of optimizing the total-



time-to solution, we need a precise definition of “time.” For example, we might mean real time, sometimes
referred to as wall-clock time, for which we use the symbol ¢. Or we might mean CPU time, the accumulated
processing time used on a computing system, which is charged to a project according to some accounting
algorithm. Or we might mean employment time for programmers writing code, which is charged to the
project as wages. To make a clear distinction between kinds of time, we let the function T' = T'(¢) be the
accumulated time charged to a project at real time ¢. The function T'(¢) includes all aspects of the project, not
just computer time.

There are at least two constraints on any project. It must deliver some product so it must accumulate some
minimum amount of time, say Twmin(t). On the other hand, it cannot accumulate more time than its budget
can afford, say Tinax(t). So an obvious constraint is

Tmin(t) < T(t) < Tmax(t) . (31)

For simplicity, suppose there are two kinds of resources used in the project, for example, software devel-
opment resources and computer system resources. Each piece accumulates time according to its own function
of time, t; = ¢1(¢) and t3 = t2(¢). The total accumulated time charged to the project is the sum

T(t) =t (t) + ta(t) - (3.2)

At first glance, the function T'(t) appears to be a linear function of its two pieces, but it is, in fact, highly non-
linear. A program runs faster if we put more time into software development. If a program does not perform
well, we go back and do more coding. In other words, we have a nonlinear feedback loop in the software
development process. The accumulated time charged to the project should rather be written something like

T(t) = t1(t2(t), t) + t2(ta(t), t) (3.3)

to reflect the fact that development time and execution time depend on each other in a very complicated way.

To illustrate the behavior we might expect, consider piece-wise linear functions for the two pieces of the
function T'(t). Figure 1 shows how time might accumulate over the lifetime of a hypothetical project. A
typical project alternates between code development time and code execution time. At the beginning of a
project, all the effort may go into code development with no code execution until the first software release.
The function ¢4 (t), therefore, increases at a rate determined by how quickly developers can produce code
while the function ¢2(t) remains flat.

At the first software release, code development stops, the function ¢4 (¢) remains flat, and the execution
time to(¢) starts to increase as the project accumulates computer charges. At some point, feedback about how
well the code runs causes the development team to write new code, causing the function ¢4 (¢) to rise again.
The function ¢, (¢) continues to rise at the same rate determined by the first version of the code. At the time
of the second software release, the function ¢, (¢) goes flat again while the function ¢2(¢) accumulates time at
a different rate because the code, presumably, gets the same amount of work done in less time.

This cycle between code development and code execution continues, with feedback between the two
pieces, until it no longer makes sense, for one reason or another, to spend more development effort. At that
time, the function ¢, (¢) goes flat while the function ¢5(¢) continues to rise at a rate determined by the final
software release. The project continues in this mode until it completes all the work it was assigned. The two
constraints on time from (3.1) are represented by the upper dotted line in Figure 1 for T',.x(¢) and by the
lower dotted line for Tiyin (¢).
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Figure 1: Accumulated time charged to the project as a function of time.

Eventually time is converted to money. We convert development time into money using the hourly wage
of the development staff, say bqey, SO that the cost of development increases in time by the function

C1 (t) = bdev(t) X 11 (t) : (34)

In the same way, we can convert execution time into money using the charge for computer time, say bcomp,
so that the operational cost increases in time by the function

c2(t) = beomp(t) X ta(t) . (3.5
The expenditure function for the project is the sum of these two functions,
E(t) = c1(t) + coft) . (3.6)

We want to spend money in an optimal way using the resources at our disposal while getting the work
done within the project deadline. What is considered optimal may depend on external criteria that may have
little to do with the actual deliverables of the project. In good times, we may want to spend all the money
allotted to the project, which we represent by the function Bi,.x(¢). In that case, we might want to minimize
the integral,

J= /0 | B (t) — E(t)|d | @3.7)

subject, of course, to the constraint that the work is completed within a specified deadline represented by the
time ¢*. In bad times, on the other hand, budgets may be low and we may need to cut costs. In that case, we
might want to minimize the integral,

J = /0 | Buin(t) — E(t)|di | (3.9)



where B,y (t) is the smallest budget required to finish the project.

The key to understanding what it means to optimize the total-time-to-solution is to understand the work
that must be done to finish the project, what resources are needed to accomplish the work, and the constraints
that must be satisfied. In the next section, we turn our attention away from looking at time itself and toward
the work that accumulates as the project advances. At the end of the project, the work should be complete
and the constraints satisfied.

4 Computational Work

In this section, we shift our attention away from time itself to work as it evolves in time. A project must
deliver a product. To deliver that product, the project must do some work. We can name our unit of work
anything we want, but it must be something we can measure. For example, a floating-point operation, as
defined in Table 1, might be appropriate for measuring computer work. Writing a line of code might be
appropriate for measuring programmer work but there is little agreement on how to define this kind of work.
Different kinds of work may be appropriate for different parts of a project. We define the unit of work to be
w and there must be a way to convert different kinds of work to this unit. How to make these conversions is
the topic of current research.
As time increases, work accumulates. If the time scale is determined by the reciprocal of a frequency
v, and if the project is able to produce one unit of work each time period, then the project can deliver the
maximum power,
o = WU . 4.1)

Work as a function of time ¢ accumulates, at most, linearly like the function
WO (t) = ’r‘ot . (42)

If the project must complete a fixed amount of work, W, at full power it will finish at time ¢, determined by
setting the left side of equation (4.2) equal to W,

W, = rots , 4.3)
and solving for the minimum time,
te = Wi/ro . (4.9)

Higher power, resulting from either a higher frequency or a higher unit of work, yields a lower minimum
time.
Real projects do not run at full power. Work accumulates at a slower rate according to some function
W (t) such that
W (t) < Wo(t) . (4.5)

The project completes at time ¢* when
W) =W,. (4.6)

The time ¢* is greater than the minimum time ¢,.. In fact, from equations (4.2) and (4.5), we have

W (") < rot* (4.7
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Figure 2: Accumulated work as a function of time.

and from equations (4.3) and (4.6), we have
rot. = W(t*) . (4.8)
Substituting the last equation into inequality (4.7), we obtain
rot™ > rot. (4.9)

so that
t* >ty (4.10)

as we claimed.
Figure 2 shows how work accumulates with time. We have plotted the dimensionless work function

w(k) =W(k/v)/w (4.12)

as a function of the dimensionless clock-tick
k=uvt. (4.12)
At full power, work accumulates along the diagonal line since

wr(k/v)

wo(k) = Wo(k/v)jw = =k, (4.13)

and the project stops when k. = w, where w, = W, /w.
Work cannot accumulate faster than the diagonal line so the actual work function w(k) looks something
like the wiggly line below the diagonal. The project completes when

w(k™) = w,y . (4.14)



Work accumulates faster or slower at different times during the project. Flat spots in the curve, where no work
accumulates, might correspond to a delay in a program waiting for data to arrive or to a delay in software
development caused by an unexpected redesign of the code.
Without detailed knowledge of the work function, we often focus on a single point in the work-time plane
and compute the average power,
r= ]:J*—Ij,*/ = wu% = 7‘0% . (4.15)
The efficiency e, therefore, is the slope of the dotted line in Figure 2,

T k.
— == —.
To k‘*

(4.16)
This metric is often quoted, for example, in the Linpack benchmark [10].

As is clear from the figure, however, when we compute average behavior, we lose all the specific detail of
what happened between the start of the project and the end of the project. All the interesting detail is in the
wiggles. Average behavior tells us nothing about why we are not performing at full power. Without knowing
what is happening, we have no way to know how to fix the problem. For this reason, we suggest, in the next

section, that we look at the information in a different way.

5 Computational Action

In this section, we shift focus once again, away from work alone or time alone, to consider action, the product
of work and time. The area of any part of the plane in Figure 2 has units of work-by-time or units of action.
In particular, the integral of the work function,

S(t) = /O W(r)dr , (5.1)

measures the action generated at time ¢.
We define the dimensionless function,

s(k) = (v/w)S(k/v) . (5.2)

After the change of variable, x = v, we find

k
s(k) :/ w(k)dk , (5.3)
0
the dimensionless action at clock-tick k.
Action is bounded above and below by
s« < s(k*) < s* (54)
where .
Sy = / wo(k)dk = kiky /2 (5.5)
0

is the action generated at full power up to clock-tick k., and
i
s* = / wo(k)dk = k*k* /2 (5.6)
0

8



is the action generated at full power up to clock-tick &*. The first inequality follows by definition since s, is
the minimum action that can be generated. The second inequality follows from inequality (4.5).
If we approximate the generated action by the area of the dotted triangle in Figure 2,

s(k*) = E*k. /2, (5.7)
then we have
kiky < Kk < KK . (5.8)
From the first inequality, we find
k.
=—<1 .
=< (5.9)
while from the second inequality
1 *
1Moy, (5.10)
€ ks

This approach yields nothing more than we already knew from efficiency.
Another approach, which yields something new, is suggested by rewriting the action integral as the sum

k k
s(k) = / wo (k) dr — / (wo (k) — w(k))ds - (5.11)
0 0
The second integral represents lost, or wasted, action, We are encouraged, therefore, to minimize the integral,
k
I(k) = / (wo(r) — w))dr (5.12)
0
We can approximate this integral by using equations (5.6) and (5.7) such that
E*k* — k* k.
I(k*) ~ — (5.13)
Multiplying this approximation by the unit of action, w/v, we suggest the following metric
E*(k* — k.
n="EZE ), (5.14)

as a measure of lost, or wasted, computational action. The lower the value of this metric, the more effectively
the resources have been used.

It is possible to compute this new metric for some, but not all, of the computers in the Top500 list [10].
Some of the entries in the list do not contain enough information to make the calculation. Table 3 shows the
result for selected entries from the list for June 2003. It shows the original ranking, based on highest power,
and the new ranking, based on the lost action metric. Figure 3 displays the same data. The fact that the
rankings are shuffled indicates that the new metric contains different information. It may be a better measure
of a machine’s productivity, but it is beyond the scope of this paper to suggest possible reasons for the new
ranking compared to the old.

Calculation of the new metric requires all the data reported in the Top500 report, not just the maximum
power. It also requires that the problem size for each entry be the same, which means the amount of work
is the same. This requirement represents a major difference between the two metrics because each entry
in the Top500 report does a different amount of work. We first had to put them on the same footing by
estimating the time for each system to solve a fixed-size problem, which we arbitrarily picked as n = 10°.
We assumed the total work for this size problem to be W.,.(n) = 2n?®/3 and that each machine requires time



t = to + Wi(n)/Rpeax to complete the work. From the reported values of Ry,ax and Npax, We computed
the time ¢ = 2N2 . /(3Rmax). Using this calculated time along with the reported value for Rc.x and
Wi(Nmax) = 2N2,./3, we computed ¢y. We then had enough information to compute the metric 7 as
reported in Table 3. Whether our assumptions on the model for computation time for fixed work is correct or
not needs to be investigated further but is beyond the scope of this paper.

Another approach to the problem of optimal resource allocation is represented by the ESP benchmark [12].
That benchmark considers the derivative of the accumulated work function,

r(t) = dW/dt , (5.15)

which is power at time ¢. They compute the integral

ESP(t) = /O Crr)dr (5.16)

For a piece-wise linear problem, the power curve is a step function equal to zero during periods when no
work is accumulating and equal to a constant during periods when work is accumulating at a fixed rate. The
area under such a curve equals the total work done as a function of time. The relationship with our action
metric is the double integral

S(t) = /0 t /0 " (r)drdo | (5.17)

In an earlier approach to performance analysis, Hack [5] considered the integral
1
H= / W (0)do (5.18)
0

where ¢ was an abstract dimensionless variable of integration so that his integral, like the ESP integral, has
units of work.

6 Computational Least Action

In this section, we apply the methods of the calculus of variations [4] to find an optimal work function that
minimizes lost action. This is a new application of what we have called the Principle of Computational Least
Action [7]. Tyagi [11] states a different principle of least computational action as applied to VLSI circuit
design.

We minimize the functional

J= / (W (p. ) — Walt))2dt 6.1)
0

where work W (p, p) is a function of the unknown function p(¢) and its derivative with respect to time p.
The function p(t) determines how resources are applied to perform the required work. We want to find the
function p(¢) that minimizes the functional J subject to appropriate boundary conditions and appropriate
constraints. An obvious constraint is that we must get the work done before we stop. Hence we must satisfy
the constraint

W (p(t*), p(t")) = Wi, (62)

which determines the time ¢* when the project is finished.

10
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Figure 3: Lost action for selected computers from the Top500 list for June 2003. The value of the new metric
is in units of Zflop-s, 10%! floating-point operations multiplied by the time in seconds. The value is large
because the problem size was picked arbitrarily as 10°.

6.1 A Linear Work Modd

For a linear work model,
W(p,p) =ap+bp, (6.3)

it is possible to allocate resources as a function of time such that work accumulates at the maximum rate. The
parameter a > 0 has dimension of work and the parameter b > 0 has dimension of work-by-time. Their ratio
defines a natural frequency for the problem

v=a/b. (6.4)

The reciprocal of the frequency sets a time scale for the system, and the parameter « is a natural unit of work.
If the maximum power of the system is ry = av, then work accumulates no faster than the function

Wo(t) = avt . (6.5)
The objective function (6.1) for this problem is the integral
.
J = a? / [p+vtp—vt)?dt. (6.6)
0
To find the optimal function p(¢) we need to solve the second order Euler differential equation

v 2 p=p+(1—uvt). (6.7)

11
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Figure 4: Accumulated resources p(t) as a function of time.

If we assume no resources applied and no work done at time zero, the appropriate initial conditions are
p(0)=0  p0)=0. (6.8)

The solution to this differential equation is the function

p(t) = exp (—vt) + vt —1. (6.9)
Its first derivative is the function
p(t) = —vexp(—vt) +v (6.10)
and the work function becomes
W(t) =a(exp (—vt) + vt — 1)+ bv (1 —exp (—vt)) . (6.11)

After observing from definition (6.4) that bv = a, we find the work function
W(t) = avt , (6.12)

which equals the maximum work function (6.5). We confirm, therefore, that resource allocation according to
the function p(t) of equation (6.9) yields maximum power.

Figure 4 shows the function p(¢). It applies to all systems with the same work function given by definition
(6.9) with the unit of work for each particular system fixed by the parameter « and the time scale fixed by the
reciprocal of the frequency v. For ¢ > v 1, the function p(t) asymptotically approaches the straight line,

palt) =vt—1. (6.13)

12



The total time ¢* to complete the project is determined by equation (6.12),
W, = avt™ . (6.14)

In clock-ticks, the project is complete at
k*=W./a (6.15)

and the total resources expended to perform the work is

pr=k"—-1. (6.16)
In actual time, the project completes at
t* = bI/I;; , (6.17)
a

longer or shorter depending on the parameters defining the system.

6.2 A Nonlinear Work Model

A more interesting, but more difficult, example is generated by nonlinear work models. For example, suppose
the work function has the form
W (p,p) = ap” + bp* . (6.18)

The parameter a > 0 has dimensions of work and is again the natural unit of work. The parameter b > 0 has
dimensions of work by time-squared so the characteristic frequency for this system is the frequency

v=1/a/b. (6.19)
The objective function (6.1) for this problem is the integral
.
J = a2/ [p? + v 2p* — vit)?dt (6.20)
0
with the boundary conditions
p(0) =0 p(0)=0. (6.21)
The second order Euler differential equation is the equation
2w p?p =p —vtp — v Zpp? + vt (6.22)

This highly nonlinear equation must be solved numerically to obtain the optimal function p(t).

7 Productivity

In this section, we apply the results from Section 6 to calculate productivity. We define productivity as the
value of a product divided by the cost to produce the product, which might also be called the return on
investment. For the linear work model, as Figure 4 shows, the work is k£* = W, /a, from equation (6.15), and
the resources used are p* = k* — 1, from equation (6.16). Productivity is, therefore, the ratio,

1

V=TT

(7.1)

13



which is greater than one,
T* > 1. (7.2)

For example, U* = 1.25 for the result shown in Figure 4. Productivity approaches one as the value of k*
increases because resources are used at maximum power in the limit of large time. This specific behavior
holds for the system defined by the linear work function of equation (6.3). The behavior of the productivity
function for the linear model is not meant to imply anything about the behavior of productivity functions in
general.

We can adjust the productivity function to reflect the value of the work relative to the value of the resources
by multiplying by accounting charges. If V' is the value of the product per unit of work, and if C'is the cost
for one unit of resource, then productivity is the dimensionless ratio

¥ - (%) o (7.3)

The ratio of accounting charges is somewhat subjective by its very nature. That being the case, we can make
the value of this second definition for productivity anything we want.

8 Summary

We have outlined a new approach to performance metrics by focusing on the evolution of work as a function
of time. We have argued that measuring time alone is insufficient for understanding why a project performs
as it does. We have asserted that we need to observe work as it evolves in time and to examine computational
action as a measure of how well a project uses the resources available to it.. We have proposed a new metric
that measures the lost, or wasted, action and we have proposed that we should minimize this loss. We have
called this principle a principle of computational least action.

To apply this principle, we need a model for how work evolves in time and we need a constraint that tells
us when the work is done. We can then measure action as the integral of work over time and to compare it
with the action that could be generated at full power. We want to minimize the difference between to two.

If the work model depends on a set of resources that also evolve in time, we have shown how to apply
the classical techniques of the calculus of variations to find the optimal way to apply those resources. In
a real project, these methods lead to a very complicated system of differential equations along with a very
complicated set of constraints. It may be very difficult to apply this method, but it indicates a methodology
for a new why of thinking about performance analysis.

The principle of least action is fundamental to many areas of physics [6]. Perhaps it can guide us to
fundamental insights in the area of computer performance analysis as well.
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New Rank | n (Zflop-s) | Old Rank
1 0.03 40
2 0.04 33
3 0.04 28
4 0.10 29
5 0.19 112
6 0.27 10
7 0.29 9
8 0.39 3
9 0.41 38
10 0.48 32
11 0.55 25
12 0.62 36
13 0.68 31
14 0.76 20
15 0.76 6
16 0.80 11
17 0.83 26
18 0.83 27
19 0.86 24
20 0.90 19
21 0.98 12
22 0.99 18
23 1.13 1
24 1.15 44
25 1.47
26 1.64
27 2.35
28 2.39 13
29 2.46 34
30 2.69 17
31 3.62 30
32 3.81 4
33 3.93 21
34 8.69 7

Table 3: The computational action metric for selected systems from the Top500 list.
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